We deal with a novel approach to formulation of the relativistic dissipative hydrodynamics by extending the so-called matching conditions widely used in the literature. The form of the nonequilibrium entropy current can be determined by requiring thermodynamical stability of the entropy current under extended matching conditions. We derive equations of motion for the relativistic dissipative fluid based on the Eckart theory and show that linearized equations obtained from them are stable against small perturbations. It is also shown that the required fluid stability conditions are related to the causality of the model.
I. INTRODUCTION
Israel and Stewart (IS) provide phenomenological framework for a relativistic dissipative fluid [1, 2] . In their model, a possible general form for the non-equilibrium entropy current is described by the dissipative part of the energy-momentum tensor and by the particle current up to the second order in the deviation from the equilibrium state. After the stability and causality of the IS theory have been shown by Hiscock and Lindblom [3] [4] [5] , the causal dissipative hydrodynamical model was adapted to study the dynamics of hot matter produced in ultra-relativistic heavy-ion collisions by Muronga [6, 7] . In recent years, the IS model plays important role in the analysis of the experimental data obtained by RHIC and LHC (see for example [8] ).
In parallel to application of IS theory, investigations of the basis of relativistic dissipative hydrodynamic theory was vigorously continued [9] [10] [11] [12] [13] [14] [15] [16] [17] . The reason is that the IS theory in its present form is too general and complex from the point of view of the quantum chromodynamics (QCD), which is belived to be the fundamental theory for strongly interacting system [9] . Another reason is that theory of the relativistic dissipative hydrodynamics is not yet fully understood because, for example, the equation of motion of the fluid it uses depends on the choice of the Lorentz frame (or on the definition of the hydrodynamical flow [14] ). Since the dissipative part of the energy-momentum tensor δT µν and the particle current δN µ cannot be determined uniquely by the second law of thermodynamics, one usually introduces some constraints to fix them, they are known as matching conditions.
The matching (or fitting) conditions are also introduced because of necessity of matching the energy density * osada@ph.ns.tcu.ac.jp and baryonic charge density (ε, n) in a non-equilibrium state to the corresponding equilibrium densities: (ε eq , n eq ), ε = ε eq , n = n eq , or equivalently,
These matching conditions allows to determine the thermodynamical pressure P eq (ε eq , n eq ) (defined as work done in isentropic expansion) via equation of state for the equilibrium state. Here the P eq should be distinguished from the bulk viscous contribution, Π ≡ − 1 3 ∆ µν δT µν , present in the energy-momentum tensor [2] . The matching conditions are also needed because they are necessary for the thermodynamical stability of the entropy current (see Appendix A in Ref. [18] ). However, the matching condition given by eq.(1) are not unique. So far, except of some recent works [14, 15] , they were not investigated in detail.
A state of relativistic dissipative fluid is described by energy-momentum tensor T µν (x) and by the baryon number current N µ (x), which obey the conservation laws [19] 
and the second law of the thermodynamics
Because of the uncertainty in definition of the flow velocity u µ (x) for a non-equilibrium fluid, one needs, unlike in the case of perfect fluid, to fix the frame for the fluid considered. Throughout this paper we employ the so-called Eckart frame [20] . It means that the hydrodynamical flow velocity u µ (with normalization u µ u µ = 1) is defined by using baryon charge current
In this frame one has always ∆ µ λ N λ = 0 with ∆ µ ν ≡ g µ ν − u µ u ν being the projection operator orthogonal to the four vector u µ . Although the alternative Landauframe [21] (in which the nonzero baryon number current exists ∆ µ λ N λ = 0 but the energy flow disappears,
is more relevant in the context of ultra-relativistic heavy-ion collisions, we use the Eckart frame because of our previous work [22] , in which we have argued that for the relativistic fluid in the presence of the long-range correlations u µ u ν δT µν = 0. In the present work we reformulate the relativistic dissipative hydrodynamics based on Eckart prescription [20] using following extended matching conditions,
instead of those given by eq.(1). Here, O(1) denotes the first order infinitesimal quantities, i.e., the difference of fluid dynamical quantities between the equilibrium and the dissipative state (for example, bulk pressure Π ≡ P − P eq is of the O(1) order). On the other hand, u µ δN µ is assumed to be of the order O(2) because of introduction of infinitesimal O(2) to the condition u µ δN µ = 0; it is sufficient to derive the equations of motion for stable fluid as discussed in III.
Hence, the main purpose of this article is to investigate the system described by equations eq.(2a) and eq.(2b), in the frame defined by eq. This article is organized as follows. In Sec.II, we briefly review the relativistic fluid dynamics with standard matching conditions. Then extended matching conditions are introduced into the hydrodynamical model using general form of an irreversible entropy current. In Sec.III, we check the stability and causality of the fluid obtained from our model. We close with Sec. IV containing the summary and some further discussion. Some technical details are presented in Appendix A and B.
II. RELATIVISTIC DISSIPATIVE HYDRODYNAMICS WITH EXTENDED MATCHING CONDITIONS
A. Eckart theory with standard matching conditions
The entropy current can be written in the following simple form
where φ µ and Φ µν are, respectively, vector and 2-rank symmetric tensor, α ≡ µ b /T and β µ = βu µ with β ≡ 1/T , T and µ b being, respectively, the temperature and baryon chemical potential. In a local equilibrium case it is then given by
where T µν eq and N µ eq are equilibrium energy-momentum tensor and baryonic charge current:
In the equilibrium case, the energy-momentum conservations T µν eq;µ = 0, and the baryon number conservation N µ eq;µ = 0, together with thermodynamic relations, result in the locally conserved entropy current:
To this current we introduce now dissipative corrections by adding corresponding dissipative corrections δT µν and δN µ to the energy-momentum tensor and to baryon number current appearing in φ µ 0 and Φ µν 0 in eq. (6) . In this way one extends the expression of equilibrium entropy current towards the off-equilibrium entropy current,
Notice that, because of the thermodynamical stability, term proportional to ∆ αβ δT αβ , which appears due to the natural extension of eq.(6b), is usually dropped. However, since we shall generalize these conditions, we retain this term and introduce a phenomenological parameter χ which determines its contribution to the nonequilibrium entropy current. Note that in the Eckart frame δN µ ≡ 0. This is because ∆ µ λ δN µ = 0 (by definition of the Eckart frame) and because of one of the matching conditions, u µ δN µ = 0. From another matching conditions, u µ u ν δT µν =0, it follows that one can also drop term proportional to u µ u ν . As result one gets
where Π is bulk pressure, W µ is energy flow and π µν is shear tensor. Using now this expression for δT µν in eq.(9b) we obtain following possible expression for the non-equilibrium entropy current
In the usual formulation, i.e., for standard matching conditions, term proportional to Πu µ is dropped to prevent the occurrence of instability in the entropy current (in our case it would mean assuming χ = 0). In this case one gets the known first order theory form of the entropy current [20] :
Correspondingly, the entropy production in the Eckart's 1st order theory is given by
However, for more general form of matching conditions proposed here this term should be included with parameter χ used to restrict the form of the entropy current in the non-equilibrium state.
B. Extended matching conditions
In what follows, we propose and discuss in detail the extended matching conditions,
to be used instead of the standard matching conditions given by eq. (1) and widely used in the literature. In this case the dissipative part of energy-momentum tensor is give by
instead of eq. (10). Correspondingly, the entropy current eq.(9a) is modified and takes form
If we now require that
the entropy current reduces to its usual Eckart's form, S µ → S µ E . Eq.(17) defines therefore new thermodynamical stability condition which replaces previous requirement that in eq.(11) χ = 0; this new condition does not affect the local entropy density. On the other hand, extended matching condition, eq.(14a), results in
therefore now one gets
The entropy production is thus in this case given by
where θ ≡ u µ ;µ denoting the local expansion rate. The last two terms represent corrections to the usual Eckart's formula, eq.(13).
We assume now that Λ and δn can be expressed by the respective scalar quantities: Π and W µ W µ and π µν π µν . Furthermore, we assume that they are given by O(1) and O(2) infinitesimal quantities. In the most simple way they can be then written as:
where κ, ξ, ξ ′ , and ξ ′′ are positive constants. Note that ξ, ξ ′ and ξ ′′ have dimension [GeV] −4 whereas κ has is dimensionless. It is interesting that Λ = O(1) (κ = 3) is obtained in Ref. [15] and also obtained independently in Ref. [22] (see also Ref. [23] ). δn = O(2) is needed to stabilize the so-called transverse mode propagation of the dissipative fluid (discussed below in Sec.III A).
A comment concerning the matching conditions may be in order here. The IS theory introduces contributions of the second order, O(2), Q µ (δT µν , δN µ ) to the entropy current (see eq.(2.17) in the ref. [2] ). In the present model, the second order contributions to the entropy current are brought in by the matching condition eq.(20b), u µ δN µ = 0 (together with contributions of the first order, brought by u µ u ν δT µν = 0, eq.(20a). Notice, however, that, because of the stability condition eq. (17), one has Q µ ≡ 0, i.e., terms introduced by extended matching conditions do not contribute to the total entropy current. In this way our model is, in fact, a first order model and because of this differs from the IS approach.
Notwithstanding the fact that out matching conditions do not give direct contribution to the entropy current, the resulting equation of motion of fluid changes its form accordingly. The thermodynamical stability condition, eq.(17), now reads
Because the entropy production eq.(19) can be rewritten as
the second law of thermodynamics is guaranteed (with ζ, λ and η being, respectively, the bulk viscosity, heat conductivity and shear viscosity -all positive constants),
provide that the following constitutive equations are hold:
Because eq.(24a) includes term proportional to 1/Π dΠ/dτ , one can introduce for the bulk pressure Π an arbitrary constant z (with dimension [GeV] 4 ) and write:
where
C. Small perturbations of the dissipative fields
To check the stability and causality of our model, we shall consider small perturbations of Π, W µ and π µν fields. The bulk pressure Π can be written as Π = Π 0 + δΠ with the background reference field Π 0 and its small perturbation field δΠ field [24] . Identifying arbitrary constant z with Π 0 and noticing that
d dτ δΠ, one can rewrite the above equation as the following a set of equations:
where the relaxation time τ Π is given by
and θ = θ 0 + δθ. The eq.(26a) represents a background Π 0 field and eq.(26b) represents equation of motion for the perturbed field of the bulk pressure δΠ [25] . Similar approach can be also applied to W µ and π µν , with perturbation of the heat flow and the shear viscosity around W µ = 0 and π µν = 0, leading to
Here τ w and τ π denote the respective relaxation times:
dτ . For simplicity, we drop in what follows terms with γ Π , γ w and γ π (assuming that 
III. STABILITY OF THE FLUID OBTAINED FROM OUR MODEL
The stability of general class of dissipative relativistic fluid theories was investigated by Hiscock and Lindblom [3] [4] [5] . Denoting by δV (x) the difference between the actual non-equilibrium value of a field V (x) and the value in the background reference state, V 0 (x), we assume that variations δV are small enough so that their evolution is adequately described by the linearized equations of motion describing the background state. We shall now investigate the stability of the fluid obtained in our model following prescription proposed in Ref. [3] [4] [5] . In what follows:
1. The background reference state is assumed to be homogeneous in space. Notice that, unlike in Ref. [3] [4] [5] , in our case it is not an equilibrium state but rather a non-equilibrium one with Π = Π 0 and with W µ = π µν = 0. Furthermore, the background space-time is assumed to be flat Minkowski space, so that all background field variables have vanishing gradients.
2. We consider following plane wave form of perturbation propagating in x direction δV = δV 0 exp(ikx + Γτ ).
Linearized equations for dissipative fluid dynamical model are given by
with the perturbed energy-momentum tensor and baryon number current given by, respectively:
Here ε * eq and P * eq are energy density and pressure in the background non-equilibrium state ε * eq ≡ ε eq + κΠ 0 , P * eq ≡ P eq + Π 0 . However, since Π 0 = O(1) and δ[Π 0 ] = 0 (it has vanishing gradient and is constant in τ ), terms proportional to Π 0 do not contribute to the linearized equations eq.(33a) (with only terms up to the order O(1) present). Hence, one can replace in the eq.(33a) ε * and P * by the, respectively, ε eq and P eq .
The perturbed fluid dynamical fields must satisfy constraints
Hence, in the rest frame of fluid, the proper time τ component of the flow velocity field vanishes, δu τ ≡ 0.
Moreover, since the contribution from δn is O(2), the term δnu µ appearing in eq.(33b) can be disregarded. We obtain therefore following linearizing equations for the energy-momentum tensor and baryon number current:
The linearized constitutive equation for Π have now the form (withκ ≡ 1 + κ ) :
whereas for W µ and π µν , we have
The parameters ξ, ξ ′ and ξ ′′ introduced in eq.(20b) have been absorbed in the expressions for relaxation time, τ Π ,τ w and τ π , respectively. On the other hand parameter κ in the expression of the entropy production is kept not absorbed in τ Π . Its role will be discussed later.
All perturbation equations can be expressed in concise matrix form:
where δY B represents the list of fields. The system matrix M A B can be expressed in a block-diagonal form when one chooses the following set of perturbation variables [4] δY B = { δε eq , δn eq , δu x , δΠ, δW
In this case,
where the matrices Q and R are given by
respectively, and I is the 2 × 2 unit matrix. The h eq denotes the enthalpy density which is defined by h eq ≡ ε eq + P eq .
For Γ and k satisfying dispersion relation
one has plane-wave solution such like eq.(31) for the linearized equations of the system eq.(39). The set of all exponential plane-wave solutions is characterized by the collection of roots obtained by setting the determinants of matrix R and Q separately equal to zero [4, 5] .
In what follows we shall discuss in detail the stability of transverse and longitudinal modes separately and provide the general stability conditions required in our case.
A. Transverse mode
The dispersion relation obtained by setting
corresponds to the solution of the perturbation equation which is referred to as the so-called transverse mode. The coefficients r m are given by
When all coefficients of the 3rd order equation (44) have the same sign, the three solutions consists of a pure real root with negative sign and two complex number roots with negative in real parts. In this case, since each real part of those solutions is negative, the general solution which is linear combination of those three solutions, is stable. Since r 0 and r 1 are positive defined, then the stability condition sought after is that r 3 and r 2 must be simultaneously positive, i.e., that, λT τ w < h eq and λT τ w + τ π < h eq .
Then, the necessary and sufficient condition which simultaneously satisfies eq.(46a) is
When condition eq.(46b) is satisfied, the transverse mode solution of the dissipative fluid dynamical equations can evolves without facing an instability problem. Note that for τ Π = τ w = τ π = 0 (with also κ, ξ, ξ ′ and ξ ′′ are all zero but with ζ, λ, η = 0, i.e., in the case of the standard matching condition), one gets the dispersion relation obtained already by Hiscock and Lindblom in Ref. [4] 
λT . It has two real solutions the linear combination of which leads to well known instability of the transverse mode.
B. Longitudinal mode
The determinant of the coefficient matrix Q can be expanded in the following way:
Then the frequencies of the so-called longitudinal mode are given by the roots of the following dispersion relation:
In the limit, we have
which has negative sign apparently.
C. General stability conditions
To get stable evolution of the fluid, both transverse and longitudinal mode must be simultaneously stable against small perturbation and each condition needs to be satisfied in a without a contradictory. The longitudinal mode needs to satisfy the requirement that, as the same as the transverse mode, all coefficients q n in eq.(49) have the same sign in order to obtain solutions of plane-wave type eq.(31) with negative real part of complex Γ, Re Γ < 0. Since q 0 (and also q 1 ) is negative then all the coefficients q i must be negative, q i < 0 (i = 2, 3, · · · , 6). Now conditions that q 6 < 0, q 5 < 0 and the second term of q 4 are negative, are equivalent to demanding that respectively,
The necessary and sufficient condition for all these three quantities to be negative is that
This is exactly the same condition as that for the stability of the transverse mode, cf. eq.(46b). To continue, conditions that the first term of q 4 , the q 3 and q 2 to be all negative is that x > 0, i.e., that is adiabatic velocity of sound. From eq. (51b) it is clear that parameter κ is related to the speed of sound wave, c s , propagating in the fluid. Note that, when κ → 0 in eq.(51b), one finds that bound on the speed of sound, c s < 1, can be exceeded violating causality. On the other hand c s ≥ 0. Therefore eq.(51b) gives the following restriction on the parameter κ:
To summarize this part, the stability condition for a dissipative fluid in an off-equilibrium state with pressure P = P eq + Π 0 (the corresponding energy density is given by ε = ε eq + κΠ 0 ) is that λT τ w ≤ ε eq + P eq and c
This means that the small thermal conduction, λ and/or large relaxation time, τ w , is required in order to stabilize relativistic dissipative fluid. Recalling definition of the relaxation time for the heat flow, τ w ≡ 2ξ ′ λT , one of the stability conditions, eq.(51a), can be expressed as a constraint on the ξ ′ appearing in eq.(20b):
Thus, conditions eq.(53) for the stability of dissipative fluid can be expressed as the constraints for the infinitesimal quantities O(1) and O(2) (See eq.(20a) and (20b)) in the following form:
IV. SUMMARY AND CONCLUDING REMARKS
We have proposed a new formulation of the relativistic dissipative hydrodynamical model in the Eckart frame by relaxing the standard matching conditions, u µ u ν δT µν = 0 and u µ δN µ = 0, and replacing by a more general form, u µ u ν δT µν = Λ and u µ δN µ = δn.
We assume that Λ = O(1), δn = O(2) and that they are given by a simple function of dissipative quantities Π, W µ and π µν , cf. eq. (20) .
Introducing the extended matching condition, we have also accordingly generalized the form of the entropy current for a non-equilibrium state in order that the extended matching conditions might be suited (cf. eq.(16)):
The phenomenological parameter χ introduced in the generalization of the entropy current form can be fixed by the extended thermodynamical stability condition (cf. eq. (17)) −µ b δn + Λ − χΠ = 0.
As the result, the new the entropy current is formally the same as that obtained from Eckart theory (see eq. (18)). However, our matching conditions change the entropy production given by eq.(19) and therefore they also change the equation of motion of fluid (i.e., the constitutive equations Π, W µ and π µν ). This is because now χ appears in the expression for the entropy production (cf. the 1st line of eq. (19) or, alternatively, in Λ and δn cf. the 2nd line of eq. (19)). It means then that, because of thermodynamic stability condition, the quantities of O(1) and O(2) introduced by the extended conditions change both the entropy production and the equation of fluid motion.
We check the stability of the fluid obtained by our model. Small perturbation imposed to a non-equilibrium state characterized by a constant bulk pressure Π 0 and W µ = 0, π µν = 0 as the background reference fields. We found that the evolution of fluid is stable against small perturbations and the velocity of sound satisfies the usual limits, 0 ≤ c s ≤ 1, once eq.(54a) and eq.(54b) are satisfied. Those conditions give restrictions to the entropy production, eq. (19) , via the constraints for κ and ξ ′ in the extended matching conditions eq.(20a) and (20b).
We conclude then, that when the matching condition u µ u ν δT µν = O(1) and u µ δN µ = O(2) are imposed properly, the relativistic dissipative fluid described by the Eckart's first order theory evolves in stable and causal way.
